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BOLSHEK TARTIPLI GIPERBOLALIQ TIPTEGI TENLEME USHIN BASLANGISH-SHEGARALIQ MASELE

Otarova J.A.,Bekieva A.A.
Qaraqalpaq mamleketlik universiteti

Héazirgi wagqitta bolshek esaplaw teoriyasi zamanagdy ameliy matematikanin en intensiv rawajlanip atirgan
bagdarlarinan biri bolip esaplanadi. Sebebi bélshek differencialliq tefilemeler putin tartipli klassikaliq differencialliq
tenlemeler jardeminde duris modellestiriw mumkin bolmagan yad, nasillik, sonday-aq, kenislik-waqitliq nolokalliq
effektlerine iye bolgan proceslerdi jane de adekvat tariyiplewge imkaniyat beredi. Dastariy modellerden pariglt tarde
bolshek tuwindilar Gyrenilip atirgan processtin alding: tariyxin esapqa aladi, bul bolsa olard: fizikaliq, biologiyaliq,
injenerlik ham ekonomikaliq sistemalardi tariyiplewde natiyjeli quralga aylandiradi [1-2].

Hazirgi waqitta bolshek differencialliq tenlemeler matematikaliq fizika, jilliliq otkizgishlik teoriyasi, jabisqaq-
serpimli materiallar dinamikasi, anomal diffuziya processleri, birtekli bolmagan ortaliqlarda tolqinlardin tarqaliwi,
basqartw teoriyasi, biomedikaliq processler, sonday-aq ekonomikalig-matematikaliq modellestiriw maselelerin
izertlewde tabisli qollanilmaqta. Bul izertlewlerde bolshek tuwindilardin har qiyli aniglamalar: ayriqsha dhmietke iye
bolip, olardin ishinde en kdp tarqalgan: Kaputo manisindegi bolshek tartipli tuwindi [6] bolip tabiladi. Onin qollaniliwi
funkciya ham onin putin tartipli tuwindilarinih ménisleri menen beriletugin klassikaliq baslangish shartlerden paydalaniw
imkaniyatin beredi, bul bolsa maselenin matematikaliq qoyiliwin ahmiyetli darejede ansatlastiradi ham alingan
natiyjelerdi ameliy jaqtan qollantw ushin qolayli boladi.

Bolshek tartipli differencialliq tenlemelerge bagishlangan jumislardin kopligine qaramastan, izertlewshilerdin
tiykargi itibar1 diffuziya ham parabola tipindegi tenlemelerge qaratilgan. Soni menen birge Kaputo manisindegi bolshek
tuwindili giperbolikaliq tenlemeler adewir az uyrenilgen, biraq tap usinday modeller ortaliqtin ishki yadina iye tolqinliq
processlerdi tariyiplewge mumkinshilik beredi. Bunday maseleler ushin sheshimlerdin bar boliwi, birden-birligi sebebi
ane usilar qarap atirilgan modeldin matematikaliq durishigin tdmiyinleydi[3-4].

Si1ziql1 baslangish-shegaraliq maselelerdi izertlewdin en natiyjeli usillarinin biri 6zgeriwshilerdi ajiratiw usili bolip
tabiladi. Bul qatnasti paydalaniw daslepki maseleni menshikli funkciyalar1 toliq ortogonal sistemani payda etetugin
Shturm-Liuvill spektralliq maselesine alip keliwge miimkinshilik beredi. Bul izlenip atirgan sheshimdi Fure qatar: tarinde
korsetiwge, tarqaliw koefficientlerin aniqlaw bolsa bolshek tartipli differencialliq tenlemeler sistemasin sheshiwge alip
keliwge imkaniyat beredi. Kaputo manisindegi bolshek tuwindisin qollaniw jagdayinda Laplas tarlendiriwin qollaniwga
boladi, ol Mittag-Leffler funkciyalar1 arqali tarqaliw koefficientleri ushin analitikaliq anlatpalardi aliwga mimkinshilik
beredi.

[ {(x,t) :0<x<1,0<t <o) oblastta tomendegi teflemeni qarastiramiz

Dgu(xt)—u, (x,t)=0, l<a<?, (1)
bunda
Dau(t)=—
" - r(2-a)
Kaputo manisindegi bolshek tartipli tuwindi [6]
I-masele. Q — oblastta (1) tenlemenif y(x,0)=p(x), u (x,0)=w(x), 0<x<1,

t
J.(t—z')lfa u"(r)dr, O<a<?2
0

(0t)=u(Lt) ?
u(0,t)=u(lt),
u, (0,t)=u, (Lt), =0 ®)
shartlerin qanaatlandiratugin sheshimin tabin.
1-teorema. Meyli o(x),y(x)eC?[0,1], ¢(0)=¢(1),¢'(0)=¢'(1), w(0)=w (1), ¥'(0)=w'(1), bolsa (1) - (3)
maselenin sheshimi bar boladi.
Dalilew. Sheshimdi
u(x,t)=X(x)-T(t), )

kobeyme tarinde izleymiz. (4) izlengen sheshimdi (1) tenlemege orinlarina aparip qoyamiz ham 6zgeriwshilerin
ajiratamiz. Sonda:
DyT(t)  X"(x) 2
Tt X(x)
X" (x)+A2X (x)=0, 5)
X (0)=X(1),X'(0)=X"(1)
koérinisindegi Shturm-Liuvill maselesine iye bolamiz. Onin sheshimi tomendegishe boladi:
X (x)=C, cos Ax+C,sin Ax .
Belgisiz turaglilardi tabiw ushin baslangish shartlerden paydalanamiz. Sonda (5) spektral maselenin menshikli
funkciyalar1 tomendegishe boladi:

Xo(X)=1, X, (X)=v200s 4 X, Xy, (X)=2sinAx 4 =27k, k=12.
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(1)-(3) maselenin sheshimin u(x,t)= X, (x)- T, (t)+ \FZ( 2 (t)C0s A, X +T,, , (t)sin 2,x), (6)
qatar korinisinde izleymiz. Izlengen sheshimdi (1)-tenlemege qoyamiz:
DT, (t +f2( DsT,i (£)€os A X+ DT, (t)sin A,X) -
—\EZ(ﬂfTZk (t)cos A x+ AT, , (t)sin 4,x) =0
k=1

Bul tenlemeni 1, cos 4 X, sin 4, x qa kobeytip, (O,l) de X boyinsha integrallap, tomendegi tenlemelerge iye bolamiz:

D&To (t) =0
. )
T (0):(/70' T (O):l//o
{ (0-4T, (=0 o
To (0) = Ppr Ty (0) =V
bunda,
@y = Igp(x)Xo (x)dx = j(p(x)dx, W, = Il//(X)XO (x)dx = Iyx(x)dx,
Do = _[¢’(X)X2k (X)dX, Vo = IW(X) X (X)dX,
Dok I Xoa (X) OX, Wy —J-W Xoa (X)0x
(7)-(8) tefilemelerdin sheshimin Laplas tarlendiriwin qollaw arqali tabamiz.
B B B tlfa
DT ()=(89T)0. 90 o
L{DT (1)}(s)=L{(g@T ")(t)}(S) = L{g (O} (s)- L{T"(0)} (), ©
tl_a —styl-a Sa—Z N -u -a
L{g(t)}(S)Z L{m}(S) (2 a J'e t dt——mge u dU, (10)
r(2-a)= Te’“u(z"’)’ldu = Ie’”ul’“du = ——je’“u’“du (11)
0 0 a 0
(11)-ti (10)-gi ornina qoyamiz, sonda:
L{g(t)}(s)=5"7 1l<a<2 (12)
Endi L{T (t)}(s) n1 esaplaymiz
L{T*(U}(s) = [T (t)tt = s2F (5)-sT (0)-T (0), (13)

bunda
s)= je’S‘T (t)dt.
0

(12)-(13)- tenlikti (9)-tenliktegi orinlarina qoyamiz, sonda berilgen tefilemenin Laplas tarlendiriwine iye bolamiz.

L{D5T (t)}(s) =T (s)-s*T (0)-s**T(0), (14)
bul Laplas tarlendiriwin (7) tenlemege qollaymiz.

{s"fo (s)—s“"T,(0)—s“*T,"(0) =0,
To (O) =@y 1o I(O) =Y.
s*To(s)—s" ", —s“ %y, =0,

a-1 a-2

1 1
f0(5)= p (/)0+S—al//o, fo(s)zggﬂo'i‘s—zl//o.

Endi original funkciyani tabamiz:
T (t) =@+l
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(14) Laplas turlendiriwin (8) telemege qollaymiz.
s*T o (5) = 5“7, (0) = s* 2T, '(0) = 42T 2 (5) =0,
{TZK (0) = @y, Ty '(0) = .
5T (8) = 5" Yy — 5" Pyry — 2T, (5) =0,
(57 =22) o (5) =5y +5* Py,

Sa—l Sa—2

Tau(s) = 2 P +ﬂl//2k'

Bul tenlikke keri Laplas tarlendiriwin tasir ettiremiz:

-1 s*™ _ 22
s

a7 .
L 1{3“ v } =tE,, (—ﬂft )
Sonda (9) maselenin sheshimi tomendegishe boladi:
Ty (t)=E,, (_ﬂkzta )%k +E, , (_Akzta )'//Zk ,
Ty (t) =E,. (_ﬂkzta )¢2k—1 +iE, , <_ﬂ1<2ta )l/lzk—l'

Demek, (1)-(3) maselenin uliwma sheshimi tomendegishe boladu:

u(xt) =g, +wt +\/§i[(EM (—AL° ) oy +1E, 5 (—At" )w)cosﬂkx+

(15)
+(Ea,l(_ﬂ”kta)¢2k—1+tEa,2(_ﬂkta)l//zk,l)Sin/lkX]’
Bunda [5],
ey o (D) A
Ea(-A) =2 T(ak+1)

} » (_1)k ﬁnZktak
e ()= 2 ke

Fure koefficientleri ushin tomendegiler 6rinl

C C C C
|(sz| Sk_;, |¢2k-1| < k_;, |‘//2k| Sk—g, |(02k-1| < k_gv
Mittag-Leffler funkciyasi ushin tomendegi baxalaw orinli
E,,(-At) <G, 0<:i<T,

demek,
G

C
LAUE k—§ Ty (1) < =5

Z S qatar jiynaqli, demek Veershtrass belgisi boyinsha (15) qatar Q — oblastta ten 6lshemli jiynaqli boladi.

o
2
ik

2-teorema. Eger I-maselenin regulyar sheshimi bar bolsa, onda ol birden-bir boladi.
Dalilew. Meyli I-masele eki uq(X,t) hdm uy(X,t) sheshimge iye bolsin. Onda

u(X,t) =w (X 1) —us (X,t)
dep olardin ayirmasin belgileymiz. Onda u(X,t) birtekli I-maseleni ganaatlandiradi. Tomendegilerdi

qarastiramiz.
1 1 1
Uo(®) =[O0, uzkc ()= [UX DX 2 (0K gic-1(8) = [UX,) X g1 (X)x
0 0 0
bulardi (1) tenlemege aparip qoyip, menshikli funkciyalardin ortogonalliginan paydalansaq tomendegilerdi alamiz:
Diuo (t) =0, (16)
D& ugk (t)+ 22Uz (t) =0, 17
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DGiuzk-1 (1) + AUz (t) =0, (18)
nollik shegaraliq shartlerden
up(0)=0, up'(0)=0, (19)
uzk (0) =0, uzi '(0)=0, (20)
uzk-1(0) =0, ugk-1'(0) =0. (21)

shartler kelip shigadi. (19) shartten (16) tenlemenin sheshimi ug(t)=0boladi. Endi (17) teflemege Laplas

tarlendiriwdi qollansaq, yagniy
s, (s)— s Tug, (0)—s*2uy '(0) + 220, (s)=0,

(20) shartten (sa +/1k2)(L){°2k (s) =0 teflikke iye bolamiz. Bunnan s* +,1k2 #0, demek, Olf(’Zk (s)=0

boladi, yagniy u, (t)=0 boladi. Analogiyali tarde (18) tehileme ham (21) shartlerden Uy (t)=0 boladi. Demek,
U, (t)=0, U, (t)=0, Uy (t)=0, k=123,..

Yagniy,  u(x,t)=0.Bunnan u(xt)=uy(Xt).
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Kasr tartibli giperbolik tipdagi tenglama uchun boshlang ‘ich chegaraviy masala
Annotatsiya: Magolada 1< ¢ < 2 tartibli Kaputo kasr hosilasiga ega giperbolik tenglama uchun boshlang‘ich-chegaraviy
masala tadqiq etilgan. O‘zgaruvchilarni ajratish usuli va Laplas almashtirishidan foydalanib, yechim Mittag—Leffler funksiyalari orgali
analitik ko‘rinishda olingan. Muntazam yechimning mavjudligi va yagonaligi isbotlangan hamda hosil qilingan qatorning tekis
yaginlashishi tadqiq etilgan.
Tayanch so‘zlar: Kaputo kasr hosilasi, giperbolik tenglama, boshlang‘ich-chegaraviy masala.
Hauanvro-kpaesas 3a0aua 015 eunepboiuiecko2o ypasHeHus OpooHo20 nopaoka
AnHoTanus: B craThe uccnenyercs HadadbHO-KpaeBas 3a/1ada Ul THIEPOOIIMIECKOTO YPaBHEHUS C APOOHOI MPOM3BOAHOM
Kanyro mopsiaka l<a<2. Merogom pasjeneHus mepeMeHHbIX U mpeoOpasoBaHus Jlammaca IMOJNYYEHO aHAIUTHYECKOE
Npe/ICTaBlIeHne peleHus yepe3 pyHkunu Mutrar—Jledduepa. JJokazaHsl TeOpeMBbI CYIIECTBOBAHUS U €JMHCTBEHHOCTH PETYIISIPHOTO
pelIeHus, a TaKke UCCiIeI0BaHa paBHOMEPHAst CXOAMMOCTD MOJTy4eHHOTO Psja.
KunroueBsbie ci1oBa: npo6Has npoussosHas KamyTo, runepOoindeckoe ypaBHeHNe, HauallbHO-KpaeBas 3a/1a4a.
The initial-boundary value problem for a fractional hyperbolic equation
Abstract: This paper investigates an initial-boundary value problem for a hyperbolic equation with the Caputo fractional
derivative of order 1< ar <2. An analytical solution is obtained by the method of separation of variables combined with the Laplace
transform and represented in terms of the Mittag—Leffler functions. The existence and uniqueness theorems for the regular solution are
proved, and the uniform convergence of the resulting series is established.
Keywords: Caputo fractional derivative, hyperbolic equation, initial-boundary value problem/
Bolshek tartipli giperbolaliq tiptegi tenleme ushin baslangish-shegaraliq masele
Annotaciya: Maqalada Kaputo ménisindegi bolshek 1< <2 tartipli giperbolikaliq tenileme ushin baslangish-shegaraliq
masele Gyrenigen. Analitikaliq sheshimdi duziw ushin Shturm-Liuvill maselesine saykes keliwshi menshikli funkciyalar1 boyinsha
jiklewge tiykarlangan 6zgeriwshilerdi ajiratiw usilt qollaniladi. Baslangish-shegaraliq maselenin regulyar sheshimnin bar boliw1 ham
birden-birligi hagqindagi teoremalar dalillengen, sonday-aq, qurilgan funkcional qatardin ten 6lshewli jiynaqlig1 izertlengen. Alingan
natiyjeler bolshek tartipli differencialliq tenlemeler menen tariyiplenetugin eslew effektine iye terbelis processlerdin matematikaliq
izertlewde paydalantw mimkin.
Tayamsh sézler: Kaputo manisindegi bolshek tartipli tuwindi, giperbolikaliq tenleme, baslangish-shegaraliq masele.
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